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Abstract
It is demonstrated that an infinite set of string-tree level on-shell Ward identities, which are
valid to all σ-model loop orders, can be systematically constructed without referring to the string
field theory. As examples, bosonic massive scattering amplitudes are calculated explicitly up to
the second massive excited states. Ward identities satisfied by these amplitudees are derived by
using zero-norm states in the spetrum. In particular, the inter-particle Ward identity generated
by the D2 ⊗ D
′
2 zero-norm state at the second massive level is demonstrated. The four physical
propagating states of this mass level are then shown to form a large gauge multiplet. This result
justifies our previous consideration on higher inter-spin symmetry from the generalized worldsheet
σ-model point of view.
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Since Veneziano [1] derived the massless gravitational and Yang-Mills Ward identities
for hidden symmetries of string theories from the canonical transformations of the string
phase-space path integral, there has been an attempt by Kubota [2] to generate new Ward
identities corresponding to higher massive string states. Recently, the target space-time
w∞-symmetries of 2D string theory, first proposed by Avan and Jevicki [3] in the context
of the collective field representation of c = 1 matrix model [4], where suggested to associate
with higher-level string states. [5] Subsequently, the corresponding on-shell Ward identities
were discussed by Klebanov and many authors. [6]
The proposal of Kubota and the encouraging results of the toy 2D string theory as
discussed above suggest that there exist an infinite set of Ward identities in the higher
dimensional critical string theories. These Ward identities are expected to be associated
with string symmetries proposed in Ref. [7] where symmetries are directly related to the
zero-norn states in the spectrum, and may even be related to the works of Gross [8] and
Atick and Witten [9], which claim infinite symmetry structure of string gets restored at
very high energy. However, the approach of Kubota uses the vertex operator proposed by
Ichinose and Sakita. [10] The vertex operator of Ref. [10] contains a string field in it, hence
is analogous to the unpleasant second-quantized string field theory formalism. In addition,
there are other drawbacks in the above approach, e.g., the off-shell ambiguities remain and
there seems to have no underlying principle to choose appropriate gauge functions which
generate the proposed higher spin Ward identities. These drawbacks make it difficult to
make any physical interpretations of the identities (see Ref. [7]). A general principle which
allows one to explicitly write down these Ward identities seems necessary.
In this paper, we will derive the explicit form of massive on-shell Ward identities by
using zero-norm states in the bosonic string spectrum. The advantages of our approach
are that off-shell ambiguities are avoided, and we can easily write down an infinite set of
string-tree level on-shell Ward identities after a systematic construction of zero-norm states
in the spectrum. These Ward identities, which are valid to all σ-model loop (α′) orders,
indicate that quantum string theories do possess an infinite number of high energy symmetry
structures as was conjectured in Ref. [7]-[9]. We will first calculate the massive string-tree
level scattering amplitudes up to the second massive states to derive the corresponding
Ward identities. Of particular interest, the Ward identity corresponding to the D2 ⊗ D
′
2
zero-norn state [11] explicitly relates amplitudes of four different spin states at the second
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massive level. The corresponding symmetry transformation law ( in the first order weak field
approximation ) of the four background fields can then be constructed. This result justifies
our previous consideration on higher inter-spin symmetries from the generalized σ-model
point of view, and is a general feature for higher massive level. Although the decoupling of
zero-norm states from the string amplitudes has been proved for a long time by the so-called
“canceled propagator argument”in the context of “old fashioned”operator method, [12] its
implication on the physical amplitudes was always ignored and not clear so far. On the
other hand, our approach will be based on Polyakov functional integral method. Moreover,
through the use of explicit form of zero-norm states which can be calculated to any higher
massive level, one can easily write down infinite relations among string scattering amplitudes.
Our results can be generalized to the superstring massive states. One can easily write down
the symmetry transformation laws of the massive background fields after explicitly deriving
the Ward identities. These transformation laws turn out to be too messy to obtain from the
worldsheet σ-model approach. [13].
For simplicity we will consider one excited state whose decay process going into three
tachyons, and we will just list amplitudes for the s− t channel only throughout the paper.
The open string massless vector amplitude has been calculated [14] to be ( we use the
notation of Ref.[14] and assume product of fields at the same point to be normal ordered
throughout the text )
A =
∫ 4∏
i=1
dxi < e
ik1·X(x1) ε · ∂X(x2) e
ik2·X(x2)eik3·X(x3)eik4·X(x4) >= εµT
µ
0 (1)
with
T µ0 =
Γ(− s
2
− 1)Γ(− t
2
− 1)
Γ(u
2
+ 2)
[kµ3 (s/2 + 1)− k
µ
1 (t/2 + 1)], (2)
where εµ is the vector polarization and s, t and µ are the usual Mandelstam variables,
s = −(k1 + k2)
2, t = −(k2 + k3)
2, u = −(k1 + k3)
2, s+ t+ u =
∑
(mass)2. (3)
There is only one singlet massless zero-norm state [7] in the spectrum, which is
k · α−1|0, k >,−k
2 = m2 = 0. (4)
The corresponding Ward identity is easily checked to be
k2µT
µ
0 = [(k2 · k3)(s/2 + 1)− (k2 · k1)(t/2 + 1) = 0. (5)
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This is consistent with the result obtained by Veneziano through the canonical transforma-
tion of the string variables. Note that the identity in Eq.(5) is valid to all σ-model loop (α′)
orders.
We now turn to the first massive level state. There is only one positive-norm physical
propagating mode at this level. The most general form of polarization is given by
(εµνα
µ
−1α
ν
−1 + εµα
µ
−2)|0, k >, εµν ≡ ενµ (6)
with gauge conditions
εν = −k
µεµν , ε
µ
µ − 2k
µkνεµν = 0, k
2 = −2. (7)
The amplitude is defined to be
T µν1 =
∫ 4∏
i=1
dxi < e
ik1·X∂Xµ(x2) ∂X
ν(x2)e
ik2·Xeik3·Xeik4·X >, (8)
T µ1 =
∫ 4∏
i=1
dxi < e
ik1·X∂2Xµ(x2) e
ik2·Xeik3·Xeik4·X > . (9)
The polarization doublet (εµν , εµ) and the amplitude doublet (T
µν
1 , T
µ
1 ) as given above de-
scribe the dynamics of the first massive state. We will use the method suggested in Ref.[14]
to calculate Eqs.(8) and (9). To calculate Eq.(8), we first absorb the kinematic factor to the
exponent,
εµν∂X
µ ∂Xνeik·X → exp[ik ·X + iε(1) · ∂X + iε(2) · ∂X ], (10)
then the correlation function can be obtained by using the following formula:[11]
<: eA :: eA : ... : eA :>= exp[
∑
i<j
< AiAi >]. (11)
It is understood that only terms multilinear in ε(1) and ε(2) are picked up after evaluating
the correlation function, and the factors ε
(1)
µ ε
(2)
ν should be replaced by εµν . This method
can be generalized to any higher rank polarization with arbitrary higher derivative ∂nXµ
in the vertex operator. To make the SL(2, R) gauge fixing which corresponds to the well-
known Mo¨bius transformation, we choose x1 = 0, 0 ≤ x2 ≤ 1, x3 = 1, x4 = ∞. After some
calculation, we get
T µν1 =
Γ(− s
2
− 1)Γ(− t
2
− 1)
Γ(u
2
+ 2)
×[s/2(s/2 + 1)kµ3k
ν
3 + t/2(t/2 + 1)k
µ
1k
ν
1 − 2(s/2 + 1)(t/2 + 1)k
µ
1k
ν
3 ], (12)
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T µ1 =
Γ(− s
2
− 1)Γ(− t
2
− 1)
Γ(u
2
+ 2)
[−kµ3 s/2(s/2 + 1)− k
µ
1 t/2(t/2 + 1)]. (13)
There are two types of zero-norm states in the bosonic open string spectrum. [7] They
can be obtained either by standard spectrum analysis or generated in the following way,
Type I
L−1|χ > where Lm|χ >= 0, m ≥ 1, L0|χ >= 0, (14)
Type II
(L−2 + 3/2L
2
−1)|
∼
χ >, where Lm|
∼
χ >= 0, m ≥ 1, (L0 + 1)|
∼
χ >= 0. (15)
Type I states have zero norm at any space time dimension, whereas type II states have zero
norm only at D = 26. A systematic construction of these zero-norm states has been given
in Ref.[7]. At the first massive level, we have a vector type I zero-norm state
[(θ · α−1)(k · α−1) + θ · α−2]|0, k >, θ · k = 0, − k
2 = m2 = 2, (16)
and a singlet type II zero-norm state
[1/2α−1 · α−1 + 3/2(k · α−1)
2 + 5/2k · α−2]|0, k > . (17)
The corresponding Ward identities are
k(µθν)T
µ
1 + θµT
µ
1 =
Γ(− s
2
− 1)Γ(− t
2
− 1)
Γ(u
2
+ 2)
P (s, t) = 0 (18)
and
(3/2kµkν + 1/2ηµν)T
µν
1 + 5/2kµT
µ
1 =
Γ(− s
2
− 1)Γ(− t
2
− 1)
Γ(u
2
+ 2)
P ′(s, t) = 0, (19)
where we have used the on-shell condition of ki. The factors P and P
′ are polynomials of
s and t, and can be explicitly verified to be zero after some calculation. Equations (18) and
(19) are Ward identities associated with the stringy symmetries derived from worldsheet
σ-model point of view in Ref. [7].
We now come to deriving the interesting inter-particle Ward identity which begins to
show up at the second massive states. We will first discuss the open string case. Before
doing this, let us first classify the physical propagating states at this mass level.[15] The
most general form of the first state Ψ1 is given by
{εµνλα
µ
−1α
ν
−1α
λ
−1 + ε(µν)α
(µ
−1α
ν)
−2 + εµα
µ
−3}|0, k >, εµνλ = ε(µνλ) (20)
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with gauge conditions
ε(µν) = −3/2k
λεµνλ, εµ = 1/2k
νkλεµνλ,−k
2 = 4
2εµµλ − k
µkνεµνλ = 0. (21)
Note that the form of Eqs.(20) and (21) differs from those of Ref. [15] by zero-norm states.
One might call Ψ1 the totally symmetric“spin”three state, and the remaining polarization
ε(µν) and εµ are mere gauge artifacts.
The amplitudes are given by
T µνλ2 =
∫ 4∏
i=1
dxi < e
ik1·X∂Xµ∂Xν∂Xλeik2·Xeik3·Xeik4·X >, (22)
T
(µν)
2 =
∫ 4∏
i=1
dxi < e
ik1·X∂2X(µ∂Xν)eik2·Xeik3·Xeik4·X >, (23)
T µ2 = 1/2
∫ 4∏
i=1
dxi < e
ik1·X∂3Xµeik2·Xeik3·Xeik4·X > . (24)
The polarization triplet {ε(µνλ), ε(λµ), εµ} and the amplitude triplet {T
µνλ, T (µν), T µ} as given
above describe the Ψ1 state. The second state Ψ2 is given by
ε[µν]α
[µ
−1α
ν]
−2|0, k > (25)
with gauge conditions
kµε[µν] = 0, − k
2 = 4. (26)
The amplitude is given by
T
(µν)
2 =
∫ 4∏
i=1
dxi < e
ik1·X∂2X [µ∂Xν]eik2·Xeik3·Xeik4·X > . (27)
Equations(22) -(24) and (27) can be calculated by using the same technique presented in
Eq.(10) to be
T µνλ2 =
Γ(− s
2
− 1)Γ(− t
2
− 1)
Γ(u
2
+ 2)
×{−t/2(t2/4− 1)kµ1k
ν
1k
λ
1 + 3(s/2 + 1)t/2(t/2 + 1)k
(µ
1 k
ν
1k
λ)
3
−3s/2(s/2 + 1)(t/2 + 1)k
(µ
1 k
ν
3k
λ)
3 + s/2(s
2/4− 1)kµ3k
ν
3k
λ
3}, (28)
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T
(µν)
2 =
Γ(− s
2
− 1)Γ(− t
2
− 1)
Γ(u
2
+ 2)
×{t/2(t2/4− 1)kµ1k
ν
1 − (s/2 + 1)t/2(t/2 + 1)k
(µ
1 k
ν)
3
+s/2(s/2 + 1)(t/2 + 1)k
(µ
3 k
ν)
1 − s/2(s
2/4− 1)kµ3k
ν
3},(29)
T µ2 =
Γ(− s
2
− 1)Γ(− t
2
− 1)
Γ(u
2
+ 2)
× {s/2(s2/4− 1)kµ3 − t/2(t
2/4− 1)kµ1}, (30)
T
[µν]
2 =
Γ(− s
2
− 1)Γ(− t
2
− 1)
Γ(u
2
+ 2)
×{s/2(s/2 + 1)(t/2 + 1)
+(s/2 + 1)t/2(t/2 + 1)k
[µ
3 k
ν]
1 }. (31)
The zero-norm states of this mass level can be calculated to be
C,
[kλθ
′
µνα
λ
−1α
µ
−1α
ν
−1 + 2θ
′
(µν)α
µ
−1α
ν
−2]|0, k >,
θ′µν = θ
′
νµ, k
µθ′µν = η
µνθ′µν = 0; (32)
D1,
{(5/2kµkνθ
′
λ + ηµνθ
′
λ)α
ν
−1α
µ
−1α
λ
−1 + 9k(µθ
′
ν)α
µ
−2α
ν
−1 + 6θ
′
µα
µ
−3}|0, k >,
k · θ′ = 0; (33)
D2,
{(1/2kµkνθλ + 2ηµνθλ)α
ν
−1α
µ
−1α
λ
−1 + 9k[µθν]α
[µ
−2α
ν]
−1 − 6θµα
µ
−3}|0, k >,
k · θ = 0; (34)
E,
{(17/4kµkνkλ + 9/2ηµνkλ)α
ν
−1α
µ
−1α
λ
−1 + (9ηµν + 21kµkν)α
µ
−1α
ν
−2 + 25kµα
µ
−3}|0, k >, (35)
where D1 and D2 states are obtained by symmetrizing and antisymmetrizing those terms
which involve αµ
−1α
ν
−2 in the original type I and type II vector zero-norm states. Ward
identities can now be easily written down
kλθ
′
µνT
(µνλ)
2 + 2θ
′
µνT
(µν)
2 = 0, (36)
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(5/2kµkνθ
′
λ + ηµνθ
′
λ)T
(µνλ)
2 + 9kµθ
′
νT
(µν)
2 + 6θ
′
µT
µ
2 = 0, (37)
(1/2kµkνθλ + 2ηµνθλ)T
(µνλ)
2 + 9kµθνT
[µν]
2 − 6θµT
µ
2 = 0, (38)
(4/17kµkνkλ + 9/2ηµνkλ)T
(µνλ)
2 + (9ηµν + 21kµkν)T
(µν)
2 + 25kµT
µ
2 = 0. (39)
Equations (36) -(39) can be explicitly verified after some lengthy algebra. One has to check
the vanishing of a polynomial of sixth degree in s, t and θ in each case. It is now easy to see
the identities (36), (37) and(39) correspond to Ψ1 state, whereas identity (38) generated by
the D2 zero-norm state relates amplitudes for Ψ1and Ψ2 states. Equation (38) implies that
Ψ1and Ψ2 indeed form a gauge multiplet. This is consistent with the result obtained in Ref.
[11] from the worldsheet σ-model point of view. Note that one has to consider the amplitude
triplet of Ψ1, {T
(µνλ)
2 , T
(µν)
2 , T
µ
2 }, in order to see apparently the inter-particle symmetry. The
usual“gauge choice”for Ψ1, {ε(µνλ), T
(µνλ)
2 } with traceless and transverse gauge conditions,
will hide this interesting “hidden stringy symmetry ”.
We can now derive the closed string Ward identities by using the relationship between
closed and open string amplitudes [14]
Aclosed = −piκ
2 sin(pik2 · k3)Aopen(s, t)Aopen(t, u). (40)
For example, the Ward identity corresponding to D2 ⊗D
′
2 zero-norm state is
(1/4kµkνkαkβθλγ + ηµνkαkβθλγ + ηαβkµkνθλγ + 4ηµνηαβθλγ)T
(µνλ)(αβγ)
2
+(9/2kµkνkαθλβ + 18ηµνkαθλβ)T
(µνλ)[αβ]
2
+(9/2kαkβkµθγν + 18ηαβkµθγν)T
[µν](αβγ)
2
+81kµkαθνβT
[µν][αβ]
2 − (3kµkνθλα + 12ηµνθλα)T
(µνλ)α
2
−(3kαkβθγλ + 12ηαβθγν)T
λ(αβγ)
2 − 54kµθναT
[µν]α
2
−54kαθβµT
µ[αβ]
2 + 36θµλT
µλ
2 = 0, (41)
where θµν is a constant tensor with k
µθµν = k
νθµν = 0. In Eq. (41) the definition of, e.g.,
T
(µνλ)[αβ]
2 is
T
(µνλ)[αβ]
2 =
∫ 4∏
i=1
d2zi < e
ik1·X∂X(µ∂Xν∂Xλ)∂2X [α∂Xβ]eik2·Xeik3·Xeik4·X >, (42)
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others can be similarly written down. One can also write down the symmetry transformation
in the first order weak field approximation for Eq.(41). LetMµνλ,αβγ(X), Eµν,αβγ(X), Gµνλ,αβ
and Aµν,αβ(X) be the four physical propagating background fields of the second massive level
(µνλ ≡ (µνλ) and µν ≡ [µν]), the inter-particle gauge transformation is ( replace kµ by ∂µ
and ηµν by −ηµν in Eq.(41) according to our convention in Ref. [7])
δMµνλ,αβγ = 1/4∂(µ∂ν∂(α∂βθλ)γ) − η(µν∂(α∂βθλ)γ) − η(αβ∂(µ∂νθλ)γ + 4η(µνη(αβθλ)γ),
δEµν,αβγ = 9/2∂(α∂β∂[µθγ)ν] − 18η(αβ∂[µθγ)ν],
δGµνλ,αβ = 9/2∂(µ∂ν∂[αθλ)β] − 18η(µν∂[αθλ)β],
δAµν,αβ = 81∂[µ∂[αθν]β, (43)
where ∂µθµν(X) = ∂
νθµν(X) = 0 and ( − 4)θµν(X) = 0, the other five background fields
are just gauge artifacts according to Eq.(21). Equation (43) is consistent with the result we
obtained from generalized σ-model point of view in Ref [11]. However, the method used in
this paper can be easily generalized to superstring massive cases, which turn out to be too
messy to obtain from σ-model approach.[13]
We have considered only four-point amplitudes which contain only one non-tachyon par-
ticle. In general, we can consider n-point amplitudes consisting of any kind of massive states.
This will give us all kinds of Ward identities including those which are associated with inter-
mass level symmetries. [16] Moreover, our construction has interesting implication on low
dimensional string theory. Work in this direction is currently in progressed.
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[1] G.Veneziano, Phys. Lett. B167 (1986) 388. J. Maharana and G. Veneziano, Phys. Lett. B169
(1986), 177; Nucl. Phys. B283 (1987), 126.
[2] T. Kubota, “String Symmetries and Off-Shell Ward Identities ”, talk on B. Sakita’s sixtieth
birthday (1989)
9
[3] J. Avan and A. Jevicki, Phys. Lett. B266 (1991), 35. G. Moore and N. Seiberg. Rutgers
Preprint RV-91-29, YCTP-P19-91 (1991). D.J. Gross and I. R. Klebanov, Nucl. Phys. B354
(1991), 459.
[4] S. Das and A. Jevicki, Mod. Phys. Lett. A5 (1990) 1639.
[5] I. Klebanov and A. Polyyakov, Mod. Phys. Lett. A6 (1991), 3273. E.Witten, Nucl. Phys. B373
(1992), 187. J. Ellis, N. E. Mavromatos and D. V. Nanopoulos, Phys. Lett. B267 (1991), 465;
B272 (1991), 261; CERN.TH. 6413/92 (1992).
[6] I. R. Klebanov, Mod. Phys. Lett. A7 (1992), 723; PUPT-1348 and references therein. E.Witten
and B.Zwiebach, Nucl. Phys. B377 (1992), 55. E.Verlinde, Institude for Advanced Study,
Princeton Preprint IASSNS-HEP-92/5 (1992).
[7] J.C. Lee, Phys. Lett. B 241 (1990) 336; Phys. Rev. Lett. 64 (1990)1636; Z.Phys. C54 (1992)
283; J.C.Lee and B. A. Ovrut, Nucl. Phys. B 336 (1990) 222.
[8] D.J. Gross, Phys. Rev. Lett. 60 (1988),129. D.J. Gross and P. Mende, Phys. Lett. B197 (1987),
129; Nucl. Phys. B303 (1988), 407.
[9] J.J. Atick and E. Witten, Nucl. Phys. B310 (1988), 291. R. Hagedorn, Nuovo Cim. 56A (1968),
1027.
[10] I. Ichinose and B. Sakita, Phys. Lett. B175 (1986), 423.
[11] J.C. Lee Phys. Lett. B241 (1990), 336.
[12] M. Green, J.Schwarz and E.Witten, “Superstring Theory”, Vo1. I, Chap 7 (Cambridge Univ.
Press, 1987).
[13] J.C. Lee, Z. Phys. C54 (1992), 283.
[14] H. Kawai, D. C. Lewellen and S. H. H. Tye, Nucl. Phys. B269 (1986), 1.
[15] R. Sasaki and I. Yamanaka, Phys. Lett. B165 (1985), 283.
[16] J.C. Lee, Phys. Lett. B326 (1994) 79.
10
